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The "Laughlin" picture of the Fractional Quantum Hall effect can be derived using the 
"exotic" model based on the two-fold centrally-extended planar Galilei group. When 
coupled to a planar magnetic field of critical strength determined by the extension 
parameters, the system becomes singular, and "Faddeev-Jackiw" reduction yields the 
"Chern-Simons" mechanics of Dunne, Jackiw, and Trugenberger. The reduced system 
moves according to the Hall law. 

1. Introduction 

In his seminal paper El Laughlin argued that the Fractional Quantum Hall Effect i 
could be explained as condensation into a collective ground state, represented by 
the lowest-Landau-level wave functions 

/(z)e-l^l^/^ (1) 

where the complex iV- vector z denotes the positions of N polarized electrons in the 
plane; f{z) is analytic. The fundamental operators are zf = zf, and zf = 2dzf 
satisfy [2,2] = 2. The quantum Hamiltonian only involves the potential V{z,z) 
suitably quantized with the choice of an ordering for the non-commuting operators 
z and z. 

Our results u presented here say that the Laughlin picture can actually be ob- 
tained from first principles, namely using the two-fold central extension of the pla- 
nar Galilei group. This latter has been known for some time □ El, but has long 
remained a kind of curiosity, since it had no obvious physical use: for a free parti- 
cle of mass m, the extra structure related to the new invariant k leayea^the usual 
motions unchanged, and only contributes to the conserved quantities Let us 
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mention that our "exoticT theory is in fact equivalent to Quantum Mechanics in the 
non-commutative plane 13, with non-commutative parameter 9 = k/rn? . 

Coupling an "exotic" particle to an electromagnetic field, the two extension 
parameters, k and m, combine with the magnetic field, B, into an effective mass, 
TO*, given by (^; when this latter vanishes, the consistency of the equations of 
motion requires that the particle obey the Hall law. Interestingly, for m* = 0, 
Hamiltonian reduction Q yields the "Ghern-Simons mechanics" considered before 
by Dunne, Jackiw and Trugenberger The reduced theory admits the infinite 
symmetry of area-preserviog diffeomorphisms, found before for the edge currents of 
the Quantum Hall states 113. 



2. Exotic particle in a gauge field 

Let us consider the action 



{p — A) ■ dx — hdt + -p X dp, 



(2) 



where (V, A) is an electro-magnetic potential, the Hamiltonian being h = p'^/2m+V. 
The term proportional to the non-commutative parameter 9 is actually equivalent 
to the acceleration-dependent Lagrangian of Lukierski et al. 13. The associated 
Euler-Lagrange equations read 



{TO*ii — pi~m9eijEj, 
Pi ^ Ei + Bsijij, 
where we have introduced the effective mass 

m* ^ m(l - 9B). 

The velocity and momentum are different if 9 ^ 0. The equations of motions 
can also be written as 

/ 9 1 \ 
-6* 1 
-1 B 
-1 



(3) 



(4) 



^^afiip = where (c^q/j) = 



(5) 



Note that the electric and magnetic fields are otherwise arbitrary solutions of the 
homogeneous Maxwell equation dtB + EijdiEj — 0, which guarantees that the two- 
form uj — ■^uja0d(,a A d^/s is closed, doj — 0. 

When m* ^ 0, the determinant det (wq/j) = (1 — 9 B)^ = {m* /ra)^ is nonzero 
and the matrix [ujap) in can be inverted. Then the equations of motion (^) (or 
(^) take the form = {Cqj with the standard Hamiltonian, but with the new 
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Poisson bracket {/,<?} ~ {uj ^)apdafdpg which reads, explicitly, 
{1,9} 



m 
m* 



9/ 55 9£ a/ 

dx dp dx dp 

d!_dg_ _ dg df 

dxi 8x2 dxi 8x2 



B 



df dg 
dpi dp2 



95 5/ 
dpi dp2 



(6) 



Further insight can be gained when the magnetic field i? is a (positive) nonzero 
constant, which turns out the most interesting case, and will be henceforth assumed. 
(The electric field Ei = —diV is still arbitrary). Introducing the new coordinates 



Qi — "^^ ^ B 

Pi = \ —pl 

V m 



Sij Pj , 



2 ■ 



(7) 



will allow us to generalize our results in 13 from a constant to any electric field. 

Firstly, the Cartan one-form El in the action (||) reads simply PidQi — hdt, so 
that the symplectic form on phase space retains the canonical guise, w = dPi A dQi . 
The price to pay is that the Hamiltonian becomes rather complicated i. 

The equations of motion (H) are conveniently presented in terms of the new 
variables Q and the old momenta p, as 



El 

' B 



Pi = EijB 



m 

m* 



Pi 

£1 

m 



Pj Ek 
m B 



El 

' B 



(8) 



Note that all these expressions diverge when m* tends to zero. 
When the magnetic field takes the particular value 



(9) 



the effective mass (^) vanishes, m* — 0, so that det{uJap) = 0, and the system 
becomes singular. Then the time derivatives can no longer be expressed from 
the variational equations (||), and we have resort to JlFaddeev-Jackiw" reduction i. 
In accordance with the Darboux theorem (see, e.g., Ii3), the Cartan one- form in (^) 
can be written, up to an exact term, as 

1} - hdt, with -d = {pi ~ -BcEij Xj)dxi + -8eij ptdpj PidQi, (10) 

where the new coordinates read, consistently with (Q), 



(11) 
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while the Pi = —^BcSijQj are in fact the rotated coordinates Qi. Ehminating 
the original coordinates x and p using (|l^), we see that the Cartan one- form reads 
PidQi — H{Q,p)dt, where H{Q,p) — ■p'^/{2m) + V{Q,p). As the appear here with 
no derivatives, they can be eliminated using their equation of motion dH(Q, p) /dp = 
0, i. e., the constraint 



0. (12) 



m Be 

A short calculation shows that the reduced Hamiltonian is just the original potential, 
viewed as a function of the "twisted" coordinates Q, viz. 

H^ViQ). (13) 

This rule is referred to as the "Peierls substitution" i i. Since d^H/dpidpj — 
Sij/m is already non singular, the reduction stops, and we end up with the reduced 
Lagrangian 

Lrcd=^Qx^-V{Q), (14) 

supplemented with the Hall constraint (^2|) . The 4-dimensional phase space is hence 
reduced to 2 dimensions, with Qi and Q2 in ( pT| ) as canonical coordinates, and 
reduced symplectic two-form uji-cd = jBcEijdQi A dQj so that the reduced Poisson 
bracket is 

^ '""^-d BAdQi dQ2 dQi dQ^)' ^ ^ 

The twisted coordinates are therefore again non-commuting, 

{gi,Q2},,, = -0 = -J^. (16) 

The equations of motion associated with (p^, and also consistent with the Hamilton 
equations Qi = {Qi,i?}rod, are given by 

Q^=e^,^. (17) 

in accordance with the Hall law (compare (^) with the divergent terms removed) . 

Putting iL = 1/^?, the Lagrangian ( pH ) becomes formally identical to the one 
Dunne et al. 13 derived letting the real mass go to zero. Note, however, that while 



Q denotes real position in Ref. u, our Q here is the "twisted" expression (11), with 
the magnetic field frozen at the critical value B^ = 1/9. 

3. Infinite symmetry 

It has been arg ued0 that the physical process which yields the Fractional Quantum 
Hall Effect actually takes place at the boundary of the droplet of the "Hall" liquid: 
owing to incompressibility, the bulk can not support any density waves, but there 
are chiral currents at the edge. These laiter fall into irreducible representations 



£|t^e] 



of the infinite dimensional algebra I— Ij which is the quantum deformation of 
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Woe J the algebra of classical observables which generate the group of area-preserving 
diffeomorphisms of the plane. 

Our reduced model is readily seen to admit Woo, the classical counterpart of 
Wi_i_oo, as symmetry. To see this, let_us remember that, as argued by Souriau 
t3, and later by Crnkovic and Witten Ej, it is convenient to consider the space of 
solutions of the equations of motion (Souriau's "espace des mouvements^^ [— space 
of motions]), denoted by M. For a classical mechanical system, this is an abstract 
substitute for the classical phase space, whose points are the motion curves of the 
system. The classical dynamics is encoded into the symplectic form fl of Ai. It 
is then obvious that any function /(C) on is a constant of the motion. (When 
expressed using the positions, time, and momenta, such a function can look rather 
complicated). Any such function /(C) generates a Hamiltonian vectorficld on 
M through the relation 

-dJ = Q^,zr (18) 

The vector field generates, at least locally, a 1-parameter group of diffeo- 
morphisms of A4. All diffeomorphisms of M which leave the symplectic form fl 
invariant form an infinite dimensional group, namely the group of symplectomor- 
phisms of M. Any symplectic transformation is a symmetry of the system : it 
merely permutes the motions curves. 

For the reduced system above, the reduced phase space is two dimensional. The 
space of motions is therefore locally a plane. (Its global structure plainly depends 
on the details of the dynamics) . Now, for any orientable two dimensional manifold, 
the symplectic form is the area element; it follows that the reduced system admits 
the group of area-preserving transformations as symmetry. 

4. Quantization 

Let us conclude our general theory by quantizing the coupled system. Again, owing 
to the exotic term, the position representation does not exist. 
Introducing the complex coordinates 



^=^{Qi+ ^Q2) +^{-^Pl+ P2) 

r- (19) 

w^^{Qi- ^Q2) + ^{-iPi- P2) 



the two- form dPi/\dQi on 4-dimensional unreduced phase space becomes the canon- 
ical Kahler two-form of C^, viz ui = {2i)~^(^dz A dz + dw A dw). choosing the an- 
tiholomorphic polarization, the "unreduced" quantum Hilbert space, consisting of 
the "Bargmann-Fock" wave functions 

V'(z,z,w,w) = /(z,w)e-3(^^+""^\ (20) 



where / is holomorphic in both of its variables. The fundamental quantum opera- 
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tors, 

r zf = zf, ?/-2a,/, 

(21) 

t wf ^ wf, wf = 2d^f, 

satisfy the commutation relations [2,2] = [wjiC] = 2, and w] = [z,?Z)] = 0. 
We recognize here the famihar creation and annihilation operators, namely a* = z, 
a,^ = w, and — d^, aw — d^,. Using the (complex) momentum p = pi+ip2 
and the kinetic part, ho, of the Hamiltonian become, respectively. 



mB _ , , B _ 

P = ^M/ — and ho^——ww. (22) 
V m* Zm 

For m* ^ the wave function satisfies the Schrodinger equation idtf = hf, with 
h = ho + V . The quadratic kinetic term here is 

B B 

hn ^ (ww +'ww) = (ww + 1). (23) 

4m* ^ ^ 2m* ^ ' 

The case when the effective mass tends to zero is conveniently studied in this 
framework. On the one hand, in the limit m* 0, one has 



^BQ, w^O, (24) 
where Q = Qi +iQ2, cf. (0); the 4-dimensional phase space reduces to the complex 



plane. On the other hand, from (|22| ) and (21) we deduce that 



— p^w^2dw (25) 
mB 

The limit m* — > is hence enforced, at the quantum level, by requiring that the 
wave functions be independent of the coordinate w, i.e., 

dwf - 0, (26) 

yielding the reduced wave functions of the form 

vl/(z,z) = /(z)e-^--, (27) 



where / is a holomorphic function of the reduced phase space parametrized by z. 
When viewed in the "big" Hilberl^ace (see (|2^)), these wave functions belong, by 
(H), to the lowest Landau level 101. 

Using the fundamental operators 'z an z given in (^l]), we easily see that the 
(complex) "physical" position x = Xi + 1X2 and its quantum counterpart x, namely 



^ 2?=-^fz + ./^2a. ), (28) 



\/Bc V y m* J y/B. 

manifestly diverge when to* —> 0. Positing from the outset the conditions (^6|) the 
divergence is suppressed, however, leaving us with the reduced position operators 
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whose commutator is [Q,Q] — 2/ Be, cf. (p^. In conclusion, we recover the "Laugh- 
Un" description (|l|) of the ground states of the FQHE in Quantization of the 
reduced Hamiltonian (which is, indeedj.^the potential V{z, z)), can be achieved us- 
ing, for instance, anti-normal ordering □ EJ. 
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